
2.1 Population Models  

Separable Equations and Partial Fraction Methods  

Example 1 (review of Section 1.4)  Separate variables and use partial fractions to solve the initial value 
problems. Sketch the graphs of several solutions of the given differential equation, and highlight the particular 
solution.

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : If 1-5=10, we have

Jf¥=Jdt ①
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⇒ ✗
=2e"+ ,

zest- ,
c particular so /. )

If I -i -_ 0 ⇒ ✗a) = -1-1 ( singular sot . )



Exercise 2 (See the solution in the filled-in notes). Separate variables and use partial fractions to 
solve the initial value problems.
Sketch the graphs of several solutions of the given differential equation, and highlight the particular 
solution.
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Review: Exponential Growth Model  

An Example:

I mixed a cup of suger, water, ginger bugs and ginger into a jar.

One day later (a video)

Earlier we used the exponential differential equation

  with solution

    to model natural population growth.

This assumed that the birth and death rates were constant.
Now we consider a more general population model that allows for  nonconstant birth and death rates.

 

 

 

 

 

 

 

 

 

 



 

 

Variable Birth and Death Rates  

We define the birth rate function  as the number of births per unit of population per unit of time at 
time .
Similary, the death rate function  is the number of deaths per unit of population per unit of time at 
time .
Over the time interval  there are then roughl  births and  
deaths
Thus the change in population over this time interval is

Dividing by  gives

Taking the limit as  gives the general population equation

In the event that  and  are constant, this equation reduces to the natural growth equation with 
.

But it also includes the possibility that  and  vary with .

 

 

 

 

 

 

 

 

 

 

 



The Logistic Equation  

Decreasing Birth Rate

We often observe that the birth rate of a population decreases as the population itself grows.

One way to model this is to assume that the birth rate  is a linear decreasing function of the population 
size , then

  where  and  are positive constants.

If the death rate  remains constant, then our general population equation becomes

We can rewrite this as

where  and .

If the coefficients  and  are both positive, then this equation is called the  logistic equation.

It is useful to rewrite the logistic equation in the form

where  and  are constants.

 

 

 

 

 

 

 

 

 

 

 

K in11

= bP(÷ - P )



 

Limiting Populations and Carrying Capacity

In Section  The exponential differential equation has a general solution 

It follows that

This means that the population grows without bound in a naturally growing population model.

Question: If a population satisfies the logistic equation, what can we say about the population in the long-
term?

Example 3. Show that the solution of the logistic initial value problem

is

Make it clear how your derivation depends on whether  or .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ANS : If P-40 and M- P -1-0, then

Jp°÷p,=fkdÉ, Assume ,

PCM - P)
= ¥ +

M - p
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- 0
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⇒
P
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,
m¥% = C

.

we have

m¥=m÷, ekmt



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

⇒ PIM- Pol = Polar - pjekmt
M Po

⇒ PIM- Po ) -1 ppoekmt-P.net
"

⇒
Ptb =

Potempa e-
Kmt

⇒ Pkm-pot poet
"

] = pometmt

⇒ Put)= ( Pollett) e-
Kmt

(M- Po) + poekmt ) e-Kmt

•

If Po=M , we have plti-F.LY = M ( our solution reduces to

the constant valued
"

equilibrium population
"

'

Ifo- Po <M , d+= KPCM - P ) > o near Po and

Plt , =
M Po

Po
= M

Po + Ipos . number}
<
MR

• If Po >M . ¥1 = Kp (M - P ) < o near Po and

M Po
>
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. number} To

= ^

- In either case we find
lim Pa ,=

M Po

1-→ is pot o
= M

• It approaches the finite limiting population M as 1- → as

• We sometimes call M the carrying capacity of the
environment

.



Example 4

Consider a population  satisfying the logistic equation

  where  is the time rate at which births occur and  is the rate at which deaths occur.

If the initial population is  and  births per month and  deaths per month occurring at 
time 
Show that the limiting population is .

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

IN

ANS : We know M=% since

dP
d-t-aP-bp-bpl.FI - P ) = KPIM - P )

At t=o

Pco )= Po

Bo = apo ⇒ a= ¥
.

D. =bP? ⇒ b=¥.
So we have

Bo /Po Bo Po
M= f- =

Do /pi
=

Do

which
proves the result

.



Example 5

Consider a rabbit population  satisfying the logistic equation as in Example 4 .
If the initial population is 120 rabbits and there are 8 births per month and 6 deaths per month occurring 
at time 
How many months does it take for  to reach  of the limiting population 

 

 

 

 

 

 

 

 

ANS : First let's find the diff . egn
. for Piti .

Recall

4¥ = AP - bp
'

= I> PII - P ) = KPCM - P )

and k=b
,
M= ¥

At 1- = 0
,

Po = 120

Bo = 8 = a Po

☐ =
from example } .

From example 4,
M=B;÷ =

8- 120

6
= 160

k=b = Fog = 12062 = 24%0
So we have

8¥ = 2¥ P C /60 - P )

By Example 3
. we know

PH > =
M Po

Po -11M - Po) e-
kñt

=
160 - 120

120+(160-120) e-¥-160T

19200⇒ Pit )=
120+40 e-¥t



The question asks us what is t when Pitt 0.95M

So we solve

480
PHF 3 + e- It

= 0-95-160

⇒ the 27.69 months


